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A (u, k, ,I) packing design of order u, block size k, and index I is a collection of k-element 
subsets, called blocks, of a u-set, V, such that every 2-subset of V occurs in at most A blocks. 
The packing problem is to determine the maximum number of blocks in a packing design. In 
this paper we solve the packing problem with k = 5, A = 4, and all positive integers v. 
1. Introduction 
A (v, k, A) packing design of order v, block size k, and index A is a collection, 
/3, of k-element subsets, called blocks, of a v-set, V, such that every 2-subset of V 
occurs in at most A blocks. 
Let a(v, k, A) denote the maximum number of blocks in a (v, k, A) packing 
design. A (v, k, A) packing design with 181 = a(v, k, A) will be called a maximum 
packing design. The function a(v, k, 1) is of importance in coding theory since 
the block incidence vectors of a (v, k, 1) packing design form the codewords of a 
binary code of length v minimum distance 2(k - 1) and constant weight k. Thus 
a(v, k, 1) is the maximum number of codewords in such a code. 
Schoenheim [ll] has shown that 
a(~, k A) #~]]=yt(v,W) 
where [x] is the largest integer satisfying [x] GX. Hanani [7] has sharpened this 
bound in certain cases by proving the following result. 
Theorem 1.1. Zf A(v - 1) = 0 (mod k - 1) and Av(v - l)/(k - 1) = 1 (mod k) then 
o(v, k, A) s q(v, k, A) - 1. 
Other upper bounds on the function o(v, k, 1) have been given by Johnson [9] 
and Best et al. [2]. Lower bounds on a(v, k, A) are generally given by 
construction of (v, k, A) packings. 
The value of U(V, 3, I.) for all v and I. has been determined by Schoenheim 
[ll], and Hanani [7]. The value of cr(v, 4, 1) has been determined for all v by 
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Brouwer [5]; and the value of a(~, 4, A) for all v and 3L > 1 is given by Billington, 
Stanton and Stinson [4], and the authors [l, 81. 
In order to state the results known about o(u, 5, 3L) we need the following 
definition. A balanced incomplete block design, B(v, k, A) is a (v, k, A) packing 
design, where every 2-subset of points is contained in precisely A blocks. If a 
B(v, k, A) exists then it is clear that a(~, k, A) = A.v(v - l)/k(k - 1) = I/.J(v, k, A), 
and Hanani [7] has proved the following existence theorem for B(v, 5, A). 
Theorem 1.2. Necessary and suficient conditions for the existence of a B(v, 5, J_) 
are that A(v - 1) = 0 (mod 4) and Av(v - 1) = 0 (mod 20) and (v, A) # (15,2). 
This theorem implies, that o(v, 5, 1) = v(v, 5, 1) for all v = 0, 1, 4, 5 (mod 20), 
by taking a balanced incomplete block design when v = 1, 5 (mod 20). For 
v = 0, 4 (mod 20) one can construct a B(v + 1, 5, 1) design, and delete a point 
and all the blocks containing it to give a packing design with +(v, 5, 1) blocks. 
Best et al. [2] give a table of the values of o(v, 5, 1) for all v < 24, and they claim 
that other values of this function are known. 
In this paper we are interested in determining the values of u(v, 5,4). Here 
,Theorem 1.2 implies that o(v, 5, 4) = q(v, 5, 4) for all v = 0, 1 (mod 5). Theorem 
1.1 and the Schoenheim bound together imply that u(v, 5,4) < b(v) where b(v) 
is defined by 
[V(V - I)/51 = ly(V, 5,4) 
b(v) = [[v(v - 1)/5] - 1 = +(v, 5,4) - 1 
when v $3 (mod 5) 
when v = 3 (mod 5) 
In the remainder of this paper we shall prove that this upper bound is achieved 
for all but two integers v. Specifically, we prove the following. 
Theorem 1.3. For all positive integers v we have o(v, 5,4) = b(v) with two 
exceptions, namely a(7, 5, 4) = 7 = b(v) - 1 and ~(4, 5,4) = 0 = b(v) - 2. 
In Section 2 we discuss the structure of maximum packing designs, and in Section 
3 we give the main recursive tools for proving Theorem 1.3. The final section is 
devoted to constructing maximum (v, 5, 4) packing designs for small values of v 
and then giving an induction proof of the Theorem. 
2. The structure of packing designs 
Let (V, /3) be a (v, k, A) packing design, and for each 2-subset e = {x, y} of V 
define m(e) to be the number of blocks in fi which contain e. Note that by the 
definition of a packing design we have m(e) G A for all e. 
The complement of (V, ~3), denoted by C(V, /3), is defined to be the multigraph 
with vertex set V and edges e occurring with multiplicity 3c - m(e) for all e. The 
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number of edges (counting multiplicities) in C(V, j3) is given by n(g) - l/31 (i). 
The degree of the vertex x in C(V, /3) is n(v - 1) - r,(k - 1) where r, is the 
number of blocks containing X. These observations give rise to the following 
structure theorems. 
Lemma 2.1. Let (V, j3) b e a (v, 5, 4) packing design with 181 = b(v) then the 
degree of each vertex of C(V, /3) is d ivisible by 4, and the number of edges in the 
multigraph is 0, 4, or 12 when v mod 5 E (0, l}, (2, 4) or (3) respectively. 
The only multigraph with 4 edges and every vertex of degree divisible by 4 is 
the graph with four parallel edges connecting two vertices and v - 2 isolated 
vertices. Therefore, when v = 2 or 4 (mod 5) a (v, 5, 4) packing design of 
cardinality b(v) contains a pair of points which do not appear in any block, and 
all other pairs appear in precisely 4 blocks. This observation enables us to prove 
the following. 
Lemma 2.2. ~(7, 5, 4) < b(7) = 8. 
Proof. If a(7, 5, 4) = 8 then there exists a packing design (V, /I) on 7 points 
containing two points X, y which do not appear together in any block, so 
l/II 2 r, + ry. But each of the pairs {x, z} with z fy appear in four blocks. 
Hence r, = 5. Similarly rY = 5, but then we have 8=l/31~rX+r,,=10, a 
contradiction. 0 
The situation is more complicated when v = 3 (mod 5) since there are many 
multigraphs with 12 edges satisfying the degree constraint. A particularly useful 
multigraph of this type is the graph with v - 3 isolated vertices and 3 vertices each 
connected to the other 2 by four parallel edges. If C(V, p) is of this type then V 
contains 3 vertices x, y, z such that the pairs {x, y}, {x, z}, and {y, z} appear in 
no blocks, and all other pairs appear in precisely 4 blocks. 
These two configurations motivate the following definition. Let (V, b) be a 
(v, k, A) packing design, and let H be a subset of V of cardinality h. We shall say 
that (V, p) is an exact packing with a hole of size h if no 2-subset of H appears in 
any block, and every other 2-subset of V appears in precisely il blocks. We can 
now reformulate some of the comments above as follows. 
Lemma 2.3. Let v = 2 or 4 (mod 5). An exact (v, 5, 4) packing with a hole of size 
2 existi if and only if a(v, 5, 4) = b(v). 
Lemma 2.4. Let v = 3 (mod 5). Zf an exact (v, 5, 4) packing with a hole of size 3 
exists then a(v, 5,4) = b(v). 
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The converse of Lemma 2.4 is not true, since an argument similar to the proof 
of Lemma 2.2 shows that an exact (8,5,4) packing with a hole of size 3 cannot 
exist, however the result a@, 5, 4) = b(8) is proved in Section 4. 
3. Recursive construction of packing designs 
In order to describe our recursive constructions we need the notions of a 
transversal design, and a truncated transversal design. Let k, 3L and w be positive 
integers. A rrunmersuZ design T(k, A, w) is a triple (V, p, y) where V is a set of 
points with IV1 = kw, and y = { G1, G2, . . . , G,} is a partition of V into k sets of 
size w. The parts, Gi, of the partition are called groups. The collection /3 consists 
of k-subsets of V, called blocks, with the following properties 
1. (BnGjl=1forallB~/3andGi~y. 
2. Every 2-subset {x, y} of V such that x and y belong to distinct groups is 
contained in exactly h blocks. 
It is well known that a T(k, 1, w) is equivalent to k - 2 mutually orthogonal 
Latin squares of side w. An alternate description of a transversal design (V, j3, y) 
is that (V, p) is an exact (kw, k, A) packing with k mutually disjoint holes of size 
w (the groups). 
In the sequel we shall use the following existence theorems for transversal 
designs. The proofs of these results may be found in [3], [6], [7] and [lo]. 
Theorem 3.1. There exists a T(6, 1, w) for all positive integers w with the 
exception of w E (2, 3, 4, 6) and the possible exception of w E (10, 14, 18, 20, 22, 
26, 28, 30, 34, 38, 42, 44, 52). 
Theorem 3.2. There exists a T(7, A, w) for all positive integers w and all integers 
A>2. 
We now give the definition of truncated transversal design. Let k, A and w be 
positive integers, and let u be a nonnegative integer. A truncated transversal 
design TT(k, A, w, u) is a triple (V, /3, y) where V is a set of points with 
IVI=(k-l)w+u, and y={G,,G, ,..., Gk} is a partition of V into k - 1 sets 
of size w, and one set Gk of size U. The parts Gi, of the partition are called 
groups. The collection /I consists of k-subsets and (k - 1)-subsets of V, called 
blocks, with the properties that 
1. lB1IG~l=lforallB~/3andl~j<k. 
2. IBflG,l=lforallB~Bsuchthat]Bl=k. 
3. Every 2-subset {x, y} of V such that x and y belong to distinct groups is 
contained in exactly 1 blocks. 
Clearly a TT(k, A, w, 0) is equivalent to a T(k - 1, A, w). Furthermore, if 
0 < u < w then one may construct a TT(k, A, w, u) from a transversal design 
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T(k, A, w) by removing points from the last group, and from all the blocks which 
contain them. Thus we have the following existence results which are in the form 
most useful to us. 
Theorem 3.3. There exists a TT(6, 1, w, u) for all integers u with 0 s u =S w and 
for all positive integers w with the exception of w E {2,3,4,6} and the possible 
exception of w E (10, 14, 18, 20, 22, 26, 28, 30, 34, 38, 42, 44, 52). 
Theorem 3.4. There exists a T(5, 4, w) for all positive integers w. 
We now give the recursive constructions used in the proof of our main 
theorem. 
Theorem 3.5. Zf there exists a TT(6, 1, w, u) with w = 0 or 1 (mod 5), and 
o(u, $4) = b(u) then a(5w + u, 5, 4) = b(5w + u). 
Proof. On the blocks and the groups of size w of the truncated transversal design 
construct balanced incomplete block designs B(v, 5,4) with v = 5, 6 and w. On 
the group of size u construct a (u, 5,4) packing design with b(u) blocks. This 
gives a (5w + u, 5, 4) packing design with b(5w + u) blocks. 0 
Theorem 3.6. Zf there exists a TT(6, 1, w, u) with w = 0 or 4 (mod 5) and 
a(u + 1, 5, 4) = b(u + 1) then a(5w + u + 1, 5, 4) = b(5w + u + 1). 
Proof. Add a new point to each of the groups of the truncated transversal design. 
On the blocks and the new groups of size w + 1 construct balanced incomplete 
block designs B(v, 5,4) with v = 5,6 and w + 1. On the new group of size u + 1 
construct a (u + 1, 5, 4) packing design with b(u + 1) blocks. This gives a 
(5w + u + 1, 5,4) packing design with b(5w + u + 1) blocks. 0 
Theorem 3.7. Zf there exists a TT(6, 1, w, u) with w = 0 or 2 (mod 5), and 
a(w+2, 5, 4)=b(w+2), and a(u+2, 5, 4)=b(u+2) then a(5w+u+2, 5, 4)= 
b(5w + u + 2). 
Proof. Add a two new points, hI, hz, to each of the groups of the truncated 
transversal design. On the blocks of the truncated transversal design construct 
balanced incomplete block designs B(v, 5, 4) with v = 5, 6. On each of the new 
groups of size w + 2 construct an exact (w + 2, 5, 4) packing design with a hole 
H = {h,, h2} of size 2. This configuration exists by Lemma 2.3. On the new group 
of size u + 2 construct a (u + 2, 5,4) packing design with b(u + 2) blocks. This 
gives a (5w + u + 2, 5, 4) packing design with b(5w + u + 2) blocks. 0 
Theorem 3.8. Zf w = 0 or 2 (mod 5), and a(w + 2, 5, 4) = b(w + 2), then u(5w + 
2, 5, 4) = b(5w + 2). 
116 A.M. Assaf, A. Hartman 
Proof. By Theorem 3.4, we can construct a transversal design T(5, 4, w). Add a 
two new points, hi, hz, to each of the groups of this transversal design. On each 
of the new groups of size w + 2 construct an exact (w + 2, 54) packing design 
with a hole H = {h,, h2} of size 2. The blocks of these designs together with the 
blocks of the transversal design are a (5w + 2, 5, 4) packing design with b(5w + 2) 
blocks. 0 
Theorem 3.9. Zf w = 0 (mod 5), and there exists an exact (w + 3, 4, 5) packing 
design with a hole of size 3, then there exists an exact (5w + 3, 5, 4) packing 
design with a hold ofsize 3, and hence a(5w + 3, 5,4) = b(5w + 3). 
The proof of this theorem is exactly analogous to the proof of Theorem 3.8, 
and is omitted. 
4. Proof of the main theorem 
Before giving an induction proof of Theorem 1.3, we require the direct 
construction of some packing designs with small values of V. It is trivial to observe 
that a(~, k, A) = 0 for all U-C k, and hence a(2, 5, 4) = ~(3, 5, 4) = a(4, 5, 4) = 0. 
The next cases of interest are v = 7, 8, these are covered in the next lemma. 
Lemma 4.1. ~$7, 5, 4) = 7 = b(7) - 1 and ~(8, 5, 4) = 10 = b(8). 
Proof. By Lemma 2.2 we have a(7, 5, 4) ~7, and the following is a (7,5,4) 
packing design with 7 blocks. Let V = Z7 and let /3 be the orbit of the base block 
(0, 1, 2,4, 5) under the action of the cyclic group generated by the permutation 
of V which sends i + i + 1 (mod 7). 
For u = 8 let V = Z7U {a} and let p be the orbit of the base block 
{a, 0, 1.2,4} under the action of the cyclic group generated by the permutation 
of V which fixes a and sends i+ i + 1 (mod 7), together with the three blocks 
{i, i + 1, i + 2, i + 4, i + 5) with i = 0, 1, 2 (addition modulo 7). Cl 
We now give a construction using finite fields. 
Theorem 4.2. Let n be a positive integer such that 3n + 1 ti a prime power. Then 
there exists an exact (4n + 1, 5, 4) packing design with a hole of size n. 
Proof. Let V = GF(3n + 1) U {h,, hl, . . . , h,_l}, and let x be a primitive ele- 
ment of GF(3n + 1). Now construct the block set /3 as follows. 
p = {{hi, y, y + xi, y + Pi, y + x”‘+~} : 0 s i < n, y E GF(3n + 1)). 
The proof that this is indeed an exact (4n + 1, 5, 4) packing design with a hole of 
size n is by standard difference set techniques. q 
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We now give a table (Fig. 1) describing the construction of some exact (v, 5, 4) 
packing designs with a hole of size n. In general, the construction is as follows. 
Let V = Z,,_, U H,, where H, = {h,, hI, . . . , h,_,} is the hole. The blocks are 
constructed by taking the orbits of the tabulated base blocks under the action 
of the cyclic group generated by the permutation which fixes the elements of 
H,, and sends i+ i + 1 (mod v - n) for each i E Z, +. The notation X m 
following a base block indicates that the entire orbit is to be taken m times. 
Except where otherwise stated the length of each orbit is v - n. The exceptions 
to this construction scheme are when u = 12, 17 and 59. 
When v = 59 it is more convenient to use the point set V = Z,, U HF2 where 
H$ = {hi: j = 1, 2, 3, 4, 6, 7, 8, 9, 21, 22, 23, 24) is the hole of size 12. 
When u = 17 we use the point set V = Z12 U Hz U {x, y, z} and the blocks 
are constructed by taking the orbits of the tabulated base blocks under the 
action of the cyclic group (of order 12) generated by the permutation 
(ho h&y z)(O 12 - . - * 1 1). 
When v = 12 we use the point set V = ZIO U Hz and the blocks are constructed 
by taking the orbits of the tabulated base blocks under the action of the cyclic 
group (of order 5) generated by the permutation (h,)(h,)(O 2 4 6 8)( 13 5 7 9). 
The following lemma is our main reason for constructing exact packings with 
holes. 
Lemma 4.3. Zf an exact (v, 5, 4) packing with a hole of size h exists and 
a(h, 5,4) = b(h) then o(v, 5, 4) = b(v). 
Proof. Form the blocks of an (h, 5, 4) packing with b(h) blocks on the points of 
the hole. Adding the blocks of the exact packing design gives a (v, 5, 4) packing 
design with b(v) blocks. 0 
Corollary 4.4. For all the values of v appearing in Fig. 1, and for v = 8, 9, 33, 49 
we have a(v, 5,4) = b(v). 
Proof. For v = 9, 33, 49 Theorem 4.2 proves the existence of an exact (v, 5,4) 
packing design with a hole of size 2, 8, and 12 respectively. Thus the corollary is 
true by the constructions in Fig. 1, and Lemmas 2.3, 2.4, 4.1, and 4.3. 0 
We now begin the proof of Theorem 1.3, which is restated below for the 
reader’s convenience. 
Theorem 1.3. For all positive integers v we have o(v, 5, 4) = b(v) with two 
exceptions, namely ~$7, 5, 4) = 7 = b(v) - 1 and a(4, 5, 4) = 0 = b(v) - 2, where 
[u(u - 1)/5] = q(v, 5,4) 
b(v) = I [v(v - 1)/5] - 1 = 
when v + 3 (mod 5) 
q.J( v, 5,4) - 1 when v = 3 (mod 5). 
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V In 
12 2 
-I- 13 3 
14 2 
t 
17 2 
18 3 
+ 
19 2 
22 2 
+ 
23 3 
34 
I 
2 
Point Set 
40 U 4 
Z,s U 4 
Z,, U 4 
Base Blocks 
{h,, 0, 1,4,5} {h,,O, 4, 7, 9) {h,, 0, 1,3,9) 
{h,, 0, 2,4,7} (0, 1, 2, 5,9} 
{0,2,4,6,8} (orbit length 1) 
{h,, 0, 1.3.8) {h,,O, 1, 5.9) {h,,O, 1.3, 7) 
{h,, 0,2,4,5} {h,,O, 2, 5.6) (0, 1,4, 5, 7) 
{h,,x,O, 1, 11) {h,,x, 0, 5, 7) {Y,Z,O, 2, IO} 
{O, 384, 8,9} 
(h,,O, 3.6.9) (orbit length 6) 
{h,, 0, 1, 3, 8) {h,,O,1,10,12} {h*, 0, 1, 5, 7) 
{O,i, 3,7,12} 
~$lf~,3~;?~~ . *. . {h,,O, 2, 5, 9) {0,1,3,5,~1) 
Go U t-4 
ZmUH, 
Z,, U Hz 
{h,,0,5, 11, 14) (0, 1, 3, 4, IO} 
x 3 (orbit length 4) 
{h,, 0,6,7,9} {h,, 0,6,8,16) {h,,O, 1, 7, 10) 
@,I, 3.5.8) {0,6,7,ll,15) 
{h,,O, 9, 15, 17) {h,,O, 6,18,19} (0, 2, 7,10,11) x 2 
lo, 4, 6, 7, 12) 
{h,,O, 10, 11,13} {h,,O, 12, 17, 21) (0, 1.3, 7, 16) 
(0,3,8,14, 18> {0,5,7,8, 15) {0,2,8,9,13} 
(h,,O,4, 5, 14) {h,, 0, 7, 13, 15) (0, 2, 7, 16, 27) 
{0,4, 12.15, 29) (0, 3, 4,11, 13) x 2 
(0,6,12,18,24) x 3 (orbit length 6) 
(h,,O, 1,4.13} {h,, 0, 194, 13) {0,2, 7,183 24) x 2 
(0,1,2,4,24} {0, 3,8, 15, 21) {0,4,9, 15,22} 
(h,,O,1,13,30) {h,,0,4, 10, 19} (0, 3, 12.16, 23) 
(0,1,6,16, 35) {0,14, 29, 34, 35) (0, 14, 24.26, 33) 
{0,19,26,32, 34) {0,4,16,27,36} 
{h,, 0.6, 14815) {h,,O, 2,10, 23) {h,,O, 1, 5, 16) 
{hz, 0, 14.20, 21) (h4.0, 3, 6, 17) (h,,O, 8, 10, 15) 
{&0,4,13, 15) {&,0,3x 17, 27) {h,,O,7, 8, 12) 
{0,3,5,12,16} 
Z,, U Hz 
Go U 4 
Z,, U 4 
4, U H:2 {h,,O,i,6i,22i} i E (1,6,21} 
{h,+,,O,i, lOi, 34i) in {1,6,21} 
{h,+,,O,4i, 12i, 4Oi) in {1,6,21) 
(h,+,,O,3i,18i, 20;) i E {1,6,21) (0,4, 7,22,34) 
fO,8,31,36,45} 
Zs, U 4, I {h,, 2’s 2 lwi, 2*-j, 2-+') i= 0,1,...,12 {II,,, 0, 2, 8, 15) 
CO, 1,22,25,42) {0,4x 14, 30,48) 
Fig. 1. Exact (u, 5, 4) packing designs with a hole of size n. 
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Proof. The theorem is true for v = 0 or 1 (mod 5) by Theorem 1.2. The theorem 
is also true for v < 24, by Lemma 4.1 and Corollary 4.4. For v = 2, 3 and 
4 (mod 5) with v 2 25 we consider four cases. 
Case 1. v = 2, 3, 9 (mod 25). 
In this case v=5w+u where w=O(mod5), WS~, and u~{2,3,9}. By 
Theorem 3.3 there exists a TT(6, 1, W, u) for all the relevant pairs (w, U) with the 
exception of w E {10,20,30} and (w, U) = (5,9). So for v # 34, 52, 53, 59, 102, 
103, 109, 152, 153, 159, apply Theorem 3.5 to give the result. For v = 34, 59 use 
Corollary 4.4. For v = 52, 102, 152 we can apply Theorem 3.8 with w = 10, 20, 30 
since a T(5, 4, W) exists by Theorem 3.4, and a(w + 2, 5, 4) = b(w + 2) by 
Corollary 4.4. For v = 53, 103 we can apply Theorem 3.9 with w = 10, 20 since a 
T(5, 4, w) exists by Theorem 3.4, and an exact (w + 3, 5, 4) packing with a hole 
of size 3 exists by Fig. 1. For the remaining values of v see Fig. 2. 
Case 2. v = 7, 8, 14, 17, 18 (mod 25). 
In this case v = 5w + u where w = 1 (mod 5), w 2 6, and u E (2, 3, 9, 12, 13). By 
Theorem 3.3 there exists a TT(6, 1, w, U) for all the relevant pairs (w, U) with the 
” w ” Thm v w U Thm ” 
43 7 6 3.7 133 24 12 3.6 213 
66 12 6 3.7 139 24 18 3.6 219 
72 12 10 3.7 142 24 21 3.6 222 
73 12 II 3.7 143 24 22 3.6 223 
109 19 13 3.6 153 27 16 224 
112 19 16 3.6 159 27 229 
113 19 3.6 172 262 
119 21 3.5 
124 21 
132 24 
3.5 
3.6 
173 
179 
212 
31 
31 
31 
40 
22 
17 
18 
22 
12 
3.7 
3.7 
3.5 
3.5 
3.5 
3.5 
263 
269 
274 
W 
40 
41 
41 
41 
41 
41 
50 
50 
50 
50 
U Thm 
13 
14 
17 
19 
22 
12 
13 
19 
24 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
3.5 
Fig. 2. Exceptional constructions for (u, 5, 4) packing designs. 
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exception of w E {6,26} and (w, U) = (11, 12) (11, 13). So for v f32, 33, 39, 42, 
43, 67, 132, 133, 139, 142, 143, apply Theorem 3.5 to give the result. For v = 32, 
33, 39, 42, 67 use Corollary 4.4. For the remaining values of v see Fig. 2. 
Case 3. v = 4,22,23 (mod 25). 
In this case v = 5w + u + 1 where w = 4 (mod 5) and u E: {1,2,8}. By Theorem 
3.3 there exists a TI’(6, 1, w, u) for all the relevant pairs (w, U) with the 
exception of w E (4, 14, 34, 44). So for v # 29, 72, 73, 79, 172, 173, 179, 222, 
223, 229, apply Theorem 3.6 to give the result. For v = 29 use Corollary 4.4. For 
v = 79 let V = (Z, x Zll) U Hz and let (Zll, /I*) be a B(ll, 5,4) design, which 
exists by Theorem 1.2. For each block Bi E B* construct a T(5,1,7) with point set 
2, x Bi, groups Z7 x {j}, j E Bi and block set pi. (The transversal designs exist by 
Theorem 3.3). Now let /3 be the union of all the /Ii together with the blocks of 
exact (9,5,4) packings with hole Hz on the point sets ,(Z, x {j}) U H2, j E Z1,. 
For the remaining values of v see Fig. 2. 
Cuse 4. v = 12, 13, 19,24 (mod 25). 
In this case v = 5w + u + 2 where w = 2 (mod5) and u E (0, 1,7, 12). By 
Theorem 3.3, there exists a TT(6, 1, w, u) for all the relevant pairs (w, u) with 
the exception of w E {22,42, 52) and (w, U) = (7, 12). So for v Z49, 112, 113, 
119, 124, 212, 213, 219, 224, 262, 263, 269, 274 apply Theorem 3.7 to give the 
result. For v = 49 use Corollary 4.4 For the remaining values of v see Fig. 2. This 
completes the proof of the theorem. 0 
Careful inspection of the above proof yields the following. 
Corollary 4.3. For all v = 3 (mod 5) with v # 8 there exists an exact (v, 5, 4) 
packing with a hole of size 3, with the possible exceptions of v = 43, 68. 
Proof. The non-existence of an exact (8,5,4) packing with a hole of size 3 
follows from a similar argument to the proof of Lemma 2.2. In the proof of 
Theorem 1.3 we have avoided using holes of size 8, except when v = 33, 43 and 
68. For v = 33 we have the following construction. Let V = Zu, U H3 and 
construct /3 as in Fig. 1, using the base blocks {h,, 0, 1, 4, 6}{h,, 0, 2, 4, 6) 
{h2, 0,7,15,22} x 2 (orbit length 15) (0, 1, 10,12,17} x 2{0,3,11,17,21} x 2. Cl 
References 
[l] A.M. Assaf, On the packing of pairs by quadruples, Discrete Math. (to appear). 
[2] M.R. Best, A.E. Brouwer, F.J. MacWilliams, A.M. Odlyzko and N.J.A. Sloane, Bounds for 
binary codes of length less than 25, IEEE Trans. Inform. Theory 24 (1978) 81-93. 
[3] T. Beth, D. Jungnickel and H. Lenz, Design Theory (Bibl. Inst. Mannheim, 1985). 
Packing designs with block size 5 and index 4 121 
[4] E.J. Billington, R.G. Stanton and D.R. Stinson, On A-packing with block size 4, Ars Combin. 
17A (1984) 73-84. 
[5] A.E. Brouwer, Optimal packings of &‘s into a K,, J. Combin. Theory A 26 (1979) 278-297. 
[6] A.E. Brouwer, The number of mutually orthogonal Latin squares--a table up to order loooO, 
Math. Centrum, Amsterdam, ZW 123/79, ii + 31 pp. 
[7] H. Hanani, Balanced incomplete block designs and related designs, Discrete Math. 11 (1975) 
225-369. 
[8] A. Hartman, On small packing and covering designs with block size 4, Discrete Math. 59 (1986) 
275-281. 
[9] S.M. Johnson, A new upper bound for error-correcting codes, IEEE Trans. Inform. Theory 8 
(1962) 203-207. 
[lo] R. Roth and M. Peters, Four pairwise orthogonal Latin squares of side 24 (to appear), 
(111 J. Schoenheim, On maximal systems of k-tuples, Studia Sci. Math. Hungar. 1 (1966) 363-368. 
